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1. Introduction
Domain plays a central role in denotation semantics of programming languages. A basic problem in domain theory is to
determine appropriate conditions on continuous domains D and E such that the space of continuous functions [D −→ E]
(with the pointwise) is again a continuous domain. Erker et al. [1] investigated the way-below relation on spaces of con-
tinuous functions from topological spaces to continuous posets. Jung [2] showed that for a continuous domain X and
a continuous domain L with smallest element, if the function space [X −→ L] is continuous, then X is Lawson com-
pact or L is an L-domain. Liu and Liang [6] proved that a dcpo L is a continuous L-domain if and only if the function
space [X −→ L] is a continuous L-domain for each core compact space X . Furthermore, Liang and Keimel [4] proved that
for a core compact space X with the property W and a compact continuous L-domain L, the function space [X −→ L]
is a Lawson compact continuous domain. Kou and Luo [5] introduced the notion of RW-space and showed that, if X
is a core compact RW-space and L is a compact continuous L-domain, then the function space [X −→ L] is compact.
Xi [7] proved that, if X is a coherent core compact space and L is a continuous B-domain, then [X −→ L] is continu-
ous, but it may not be Lawson compact. He gave an example as follows: Let I be the unit interval with the subspace
topology on the real line, X⊥ = {⊥,,a1,a2,b1,b2} ordered by: ⊥, the bottom element and the largest element re-
spectively; b1,b2 < a1,a2, a1 and a2 are incomparable, b1 and b2 are incomparable. He showed that [I −→ X⊥] is not
compact.
In this paper, we prove that for a Lawson compact algebraic dcpo D and a biﬁnite domain L with smallest element, the
function space [D −→ L] is algebraic and Lawson compact.
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Let (D,) be a poset. It is said to be a dcpo if every directed subset of D has a sup. Let D be a dcpo, and x, y ∈ D . We
say that x is way-below y, if for all directed sets E ⊆ D , y ∨↑ E implies x e for some e ∈ E , denoted by x 	 y. For an
element x ∈ D we deﬁne the following subsets ⇓ x = {y ∈ D | y 	 x}, ⇑ x = {y ∈ D | x 	 y}. An element x ∈ D is said to be
compact, if it is way-below itself. The set of compact elements is denoted by K (D), that is, K (D) = {x ∈ D | x 	 x}. We say
that D is continuous, if for all x ∈ D the set ⇓ x is directed and x =∨↑ ⇓ x. If D is also a dcpo, D is called a continuous
dcpo or continuous domain. And D is called algebraic, if the set ↓ x∩ K (D) is directed and x=∨↑ (↓ x∩ K (D)).
Let D be a dcpo, U ⊆ D , we say U is Scott open if it satisﬁes: (i) U =↑ U ; (ii) sup E ∈ U implies U ∩ E = ∅ for all directed
sets E ⊆ D . The collection of all Scott open subsets of D is called the Scott topology of D and is denoted by σ(D).
Let D be a poset. We call the topology generated by the complements of principal ﬁlters D\ ↑ x (as subbase) the lower
topology and denote it by ω(D). Then the common reﬁnement σ(D)
∨
ω(D) of the Scott topology and the lower topology
is called the Lawson topology and is denoted by λ(D). D is called Lawson compact or compact if D with Lawson topology
is compact.
Deﬁnition 2.1. ([2]) Let D be a partially ordered set. We say that D has property m if for each ﬁnite set A ⊆ D , the set of
minimal upper bounds of A mub(A) is complete, that is, for all x A there is a minimal upper bound y of A which lies
below x.
If D has property m and for each ﬁnite set of elements the set of minimal upper bounds is ﬁnite, then D has property M.
Given a poset D with property m, we deﬁne for any subset A of D U 0(A) = A, Un+1(A) = {x ∈ D | x is a minimal upper
bound of some ﬁnite subset of Un(A)}, U∞(A) =⋃n∈N Un(A).
Deﬁnition 2.2. ([2]) An algebraic dcpo L with smallest element is called biﬁnite domain if mub(A) is complete and U∞(A)
is ﬁnite for each ﬁnite subset A of K (L).
Lemma 2.1. ([2]) An algebraic dcpo D is Lawson compact if and only if the set K (D) has property M.
Deﬁnition 2.3. ([3]) Let X be a topological space and Ω(X) its open set lattice. For a dcpo L with smallest element ⊥,
A ∈ Ω(X), a ∈ L, the step function A ↘ a : X −→ L is deﬁned by
(A ↘ a)(x) =
{
a, x ∈ A,
⊥, x /∈ A.
Obviously A ↘ a is continuous.
Deﬁnition 2.4. ([6]) Suppose that X is a topological space and L is a dcpo with smallest element. The set {(V i,ai) | i ∈ I} is
called joinable if {ai | x ∈ Vi, i ∈ I} is directed for any x ∈ X , where Vi ∈ Ω(X), ai ∈ L, for each i ∈ I .
Suppose that {(Vi,ai) | i ∈ I} is joinable. We deﬁne a mapping h : X −→ L as follows:
∀x ∈ X, h(x) =
∨
{ai | x ∈ Vi, i ∈ I}.
h is called the function generated by the set {(Vi,ai) | i ∈ I}.
3. The main results
In this section, we proved that, for a Lawson compact algebraic dcpo D and a biﬁnite domain L with smallest element,
the function space [D −→ L] is algebraic and Lawson compact. Firstly, we consider the compact elements of the function
space.
Lemma 3.1. Let D be a Lawson compact algebraic dcpo and L a biﬁnite domainwith smallest element. Let f ∈ [D −→ L], {↑ ei ↘ si}i∈I
be a ﬁnite set of step functions such that for each i ∈ I , ei ∈ K (D), si ∈ K (L) and ↑ ei ⊆ f −1(↑ si). Then there is a mapping h such that
h is an upper bound of the set {↑ ei ↘ si}i∈I0 and h 	 h f .
Proof. Let f ∈ [D −→ L]. For any ﬁnite set of step functions {↑ ei ↘ si}i∈I0 such that ↑ ei ⊆ f −1(↑ si) and ei ∈ K (D),
si ∈ K (L) for any i ∈ I0. We prove that there exists h ∈ [D −→ L] such that h is an upper bound of the set {↑ ei ↘ si}i∈I0
and h 	 h f .
Suppose that A = {si | i ∈ I0} ⊆ K (L). Let ei = ei0 , si =mi0 , for each i ∈ I0, where little 0 is the superscript of i and means
that i is in I0.
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V 0(A) = {mi0 ∣∣ i0 ∈ I0}= A = U0(A).
We extend A0 to be joinable. Let
Φ0 =
{
F ⊆ I0
∣∣ |F | = 2= ∣∣{mi0 ∣∣ i0 ∈ F}∣∣},
where |F | stands for the cardinal number of F .
For any F ∈ Φ0,⋂
i0∈F
↑ ei0 ⊆
⋂
i0∈F
f −1(↑mi0) =
⋃{
f −1(↑mi1F )
∣∣mi1F ∈mub({mi0 ∣∣ i0 ∈ F})}.
Since L is biﬁnite mub({mi0 | i0 ∈ F }) is ﬁnite,⋂
i0∈F
↑ ei0 =
⋃{↑ ei1F ∣∣ ei1F ∈mub({ei0 ∣∣ i0 ∈ F})}⊆⋃{ f −1(↑mi1F ) ∣∣mi1F ∈mub({mi0 ∣∣ i0 ∈ F})}.
Since D is Lawson compact, mub({ei0 | i0 ∈ F }) is ﬁnite. For any ei1F ∈ mub({ei0 | i
0 ∈ F }), if there exists mi1F ∈ mub({mi0 |
i0 ∈ F }) such that ↑ ei1F ⊆ f
−1(↑mi1F ), we write (↑ ei1F ,mi1F ). So we obtain that
A1 = {(↑ ei1F ,mi1F ) ∣∣ F ∈ Φ0, mi1F ∈mub({m0i ∣∣ i0 ∈ F}), ei1F ∈mub({e0i ∣∣ i0 ∈ F}), and ↑ ei1F ⊆ f −1(↑mi1F )}.
For convenience we denote it by
A1 = {(↑ ei1 ,mi1) ∣∣ i1 ∈ I1},
V 1(A) = {mi1 ∣∣ i1 ∈ I1}.
Clearly, V 1(A) ⊆ U1(A).
Inductively, suppose that for each 1 k n we have obtained
Ak = {(↑ eik ,mik ) ∣∣ ik ∈ Ik}, V k(A) = {mik ∣∣ ik ∈ Ik},
satisfying ↑ eik ⊆ f −1(↑mik ) and V k(A) ⊆ Uk(A) for each ik ∈ Ik .
In order to deﬁne An+1, let
Φn =
{
f ⊆ In
∣∣ |F | = 2= ∣∣{min ∣∣ in ∈ F }∣∣}.
For any F ∈ Φn , we have⋂
in∈F
↑ eni ⊆
⋂
in∈F
f −1(↑min ) =
⋃{
f −1(↑min+1F )
∣∣min+1F ∈mub({mni ∣∣ in ∈ F})}.
Note that mub({min | in ∈ F }) is ﬁnite as L is a biﬁnite domain and ⋂in∈F ↑ ein =⋃{↑ ein+1F | ein+1F ∈ mub({ein | in ∈ F })}.
mub({ein | in ∈ F }) is ﬁnite as D is Lawson compact. For any ein+1F ∈mub({ein | i
n ∈ F }), if there exists min+1F ∈mub({min | i
n ∈
F }) such that ↑ ein+1F ⊆ f
−1(↑min+1F ), we write (↑ ein+1F ,min+1F ).
We deﬁne
An+1 = {(↑ ein+1F , min+1F ) ∣∣ F ∈ Φn, min+1F ∈mub({min ∣∣ in ∈ F}), ein+1F ∈mub({ein ∣∣ in ∈ F})
and ↑ ein+1F ⊆ f
−1(↑min+1F )
}
.
For convenience we denote it by
An+1 = {(↑ ein+1 ,min+1) ∣∣ in+1 ∈ In+1},
V n+1(A) = {min+1 ∣∣ in+1 ∈ In+1}.
Then V n+1(A) ⊆ Un+1(A).
Let A∞ =⋃{An | n ∈ N}, we claim that there is n0 ∈ N such that An = ∅ for any n n0, as required.
In fact, by the construction of An and V n(A), for any n1,n2 ∈ N , if n1 = n2, then min V n1 (A) ∩ min V n2 (A) = ∅, where
min V n1(A) and min V n2 (A) are the sets of minimal elements of V n1 (A) and V n2 (A) respectively. Since for any n ∈ N ,
V n(A) ⊆ Un(A) and U∞(A) is ﬁnite, there is n0 ∈ N such that for any n  n0, V n(A) = ∅. From this it follows that An = ∅
for any n n0.
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C = {m ∣∣ ∃(↑ e,m) ∈ A∞, x ∈↑ e}
is directed.
Suppose that min11
,min22
∈ C such that min11 and min22 are incomparable. Then there are (↑ ein11 ,min11 ) ∈A
n1 , (↑ ein22 ,min22 ) ∈
An2 such that x ∈↑ ein11 ∩ ↑ ein22 , where ↑ ein11 ⊆ f
−1(↑min11 ), ↑ ein22 ⊆ f
−1(↑min22 ). We consider two cases as follows:
(1) If n1 = n2, then (↑ ein11 ,min11 ), (↑ ein22 ,min22 ) ∈A
n1 , F = {in11 , in22 } ∈ Φn1 . Then⋂
in1∈F
↑ ein1 ⊆
⋂
in1∈F
f −1(↑min1 ) =
⋃{
f −1(↑m
i
n1+1
F
)
∣∣m
i
n1+1
F
∈mub({min1 ∣∣ in1 ∈ F})},
but ⋂
in1∈F
↑ ein1 =
⋃{↑ e
i
n1+1
F
∣∣ e
i
n1+1
F
∈mub({ein1 ∣∣ in1 ∈ F})}.
Since x ∈↑ ein11 ∩ ↑ ein22 , there exists (↑ ein1+1F ,min1+1F ) ∈ A
n1+1 such that x ∈↑ e
i
n1+1
F
, hence m
i
n1+1
F
is an upper bound of min11
and min12
in C .
(2) If n1 = n2, we may suppose that n1 < n2 without loss of generality.
By x ∈↑ ein11 ∩ ↑ ein22 and n1 < n2 we claim there is (↑ ein10 ,min10 ) ∈A
n1 such that x ∈↑ ein10 and min10 =min11 .
In fact, if for any (↑ ein1 ,min1 ) ∈An1 , x /∈↑ ein10 , then
x /∈
⋂
i
n1
0 ∈F
↑ ein10 =
⋃{↑ e
i
n1+1
F
∣∣ e
i
n1+1
F
∈mub({en1i ∣∣ in1 ∈ F})},
so x /∈↑ ein1+1 for any (↑ ein1+1 ,min1+1 ) ∈ An1+1. Inductively we can show that for each in22 ∈ In2 , x /∈↑ ein22 , this is a contra-
diction. So by case (1) there is (↑ e
i
n1+1
0
,m
i
n1+1
0
) ∈ An1+1 such that x ∈↑ e
i
n1+1
0
, and m
i
n1+1
0
min10 , min11 . Similarly, inductively
for any 2 k n2 − n1, we can get (↑ ein1+k0 ,min1+k0 ) ∈A
n1+k such that x ∈↑ e
i
n1+k
0
, m
i
n1+k
0
min11 , min1+k0
m
i
n1+(k−1)
0
(k 2).
Since min11
and min22
are incomparable, min20
= min21 , hence by case (1) again we can get (↑ ein2+10 ,min2+10 ) ∈ A
n2+1 such
that x ∈↑ e
i
n2+1
0
and m
i
n2+1
0
min22 ,min20 , so min2+10
min11 . Hence the directedness of C is proved, and A
∞ is joinable.
We deﬁne h : D −→ L as follows:
h(x) =
∨{
m
∣∣ ∃(↑ e,m) ∈ A∞, x ∈↑ e}, ∀x ∈ D.
Suppose b ∈ K (L), x ∈ D . We have
h(x) b ⇔
∨{
m
∣∣ ∃(↑ e,m) ∈ A∞, x ∈↑ e} b
⇔ ∃(↑ e,m) ∈ A∞, x ∈↑ e andm b.
Hence
h−1(↑ b) =
⋃{↑ e ∣∣ ∃(↑ e,m) ∈ A∞, m b}.
Thus the continuity of h is proved.
Next we prove h 	 h. We take a family of directed functions { f j} j∈ J ⊂ [D −→ L] such that h ∨ j∈ J f j . For any b ∈
im(h), where im(h) is the image of h, since h
∨
j∈ J f j ,
h−1(↑ b) ⊆
(∨
j∈ J
f j
)−1
(↑ b) =
⋃
j∈ J
(
f −1j (↑ b)
)
,
and
h−1(↑ b) =
⋃{↑ e ∣∣ ∃(↑ e,m) ∈ A∞, m b}.
Since A∞ is ﬁnite, there is jb ∈ J such that h−1(↑ b) ⊆ f −1jb (↑ b).
Since im(h) is ﬁnite, there exists j0 ∈ J such that for any b ∈ im(h), f jb  f j0 . For all b ∈ im(h), h−1(↑ b) ⊆ f −1jb (↑ b) ⊆
f −1j0 (↑ b), so h(x) f j0 (x) for all x ∈ D , that is, h f j0 .
Obviously h is an upper bound of the set {↑ ei ↘ si}i∈I0 . The lemma is proved. 
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[D −→ L] is algebraic.
Proof. Consider the following set:
H = {h ∣∣ h is generated by the joinable family {(↑ ei,mi)}i∈I0 ,↑ ei ⊆ f −1(↑mi),
where I0 is ﬁnite, ei ∈ K (D), mi ∈ K (L), ∀i ∈ I0
}
.
By Lemma 3.1 the set H is directed and its supremum is f . This proves that the function space [D −→ L] is algebraic. 
We consider the Lawson compactness of a function space [D −→ L] for a Lawson compact algebraic domain D and a
biﬁnite algebraic domain L with smallest element. Since an algebraic domain is Lawson compact if and only if the set of
compact elements has property M, in order to show the compactness of function space [D −→ L], it is natural to prove that
the set of compact elements of the function space [D −→ L] has property M in general. The following example shows that
the function generated by the joinable family may not be the minimal upper bound of step functions. Then we cannot show
property M for K ([D −→ L]) directly.
Example 3.1. Let D = {e}, L = X⊥ , f : {e} −→ {}. Take the step function ↑ e ↘ b1, ↑ e ↘ b2. The set {(↑ e,bi)}i=1,2 is ex-
tended to be the joinable set {(↑ e,b1), (↑ e,b2), (↑ e, s1), (↑ e, s2), (↑ e,)} by Theorem 3.1 and h is the generated function
by the above joinable set. Obviously, h = f , but f is not the minimal upper bound of the set {↑ ei ↘ bi}i=1,2.
In order to prove the Lawson compactness of [D −→ L], we need the following lemma.
Lemma 3.2. ([3]) Let D be a continuous dcpo. If D is Scott compact and for all a′,a,b′,b ∈ D, a′ 	 a,b′ 	 b, there is a ﬁnite set I0 ,
such that
mub
({a,b})⊆⋃
i∈I0
⇑ ci,
where ci  a′ , ci  b′ for all i ∈ I0 , then D is Lawson compact.
Theorem 3.2. Let D be a Lawson compact algebraic dcpo and L a biﬁnite domain with smallest element. The function space [D −→ L]
is Lawson compact.
Proof. We suppose that f i, gi ∈ [D −→ L] and f i 	 gi , i = 1,2. By Theorem 3.1 there exist h1, h2 such that f1 	 h1 	 g1,
f2 	 h2 	 g2, where h1 is generated by the joinable set {(↑ ei,mi) | i ∈ I1} and ↑ ei ⊆ g−11 (↑ mi) for any i ∈ I1, h2 is
generated by the joinable set {(↑ ei,mi) | i ∈ I2} and ↑ ei ⊆ g−12 (↑mi) for any i ∈ I2. I1 and I2 are assumed to be disjoint
sets.
Next we prove that there is a ﬁnite set I0 such that
⇑ g1∩ ⇑ g2 ⊆
⋃
i∈I0
{⇑ pi | pi  f1, pi  f2}.
For any g ∈⇑ g1∩ ⇑ g2, h1  g , h2  g . With respect to g , we extend {(↑ ei,mi) | i ∈ I1 ∪ I2} to be a joinable set. Let the
extended set be C = {(↑ e j,mj) | j ∈ J } where J is ﬁnite. This joinable set generates a mapping hg such that h1,h2  hg 	 g .
Let A = {mi | i ∈ I1 ∪ I2}, V˜ 0(A) = A, and
Φ˜0 =
{
F ⊂ I1 ∪ I2
∣∣ |F | = 2= ∣∣{mi ∣∣ i ∈ I1 ∪ I2}∣∣},
V˜ 1(A) = {miF ∣∣miF ∈mub({mi | i ∈ F }), F ∈ Φ˜0}.
For convenience we denote it by V˜ 1(A) = {mi1 | i1 ∈ I˜1}. Similarly to Lemma 3.1, let
Φ˜1 =
{
F
∣∣ F ⊂ I˜1, |F | = 2= ∣∣{mi | i ∈ F }∣∣},
V˜ 2(A) = {miF ∣∣ F ∈ Φ˜1, miF ∈mub({mi | i ∈ F })}.
Inductively, we can obtain V˜ n(A) = {min | in ∈ I˜n} for any n ∈ N. Clearly V n(A) ⊂ V˜ n(A) ⊂ Un(A), where V n(A) is deﬁned
in Lemma 3.1. By an argument similar to that of Lemma 3.1, there is n0 ∈ N such that V˜ n(A) = ∅ for each n n0. Note that
n0 does not depend upon the mapping g . For any (↑ ei,mi) ∈ C , ei ∈ Un0 ({ei | i ∈ I1 ∪ I2}), mi ∈⋃n∈N V n(A) ⊂⋃n∈N V˜ n(A) ⊂
Un0 (A). So hg depends on Un0 ({ei | i ∈ I1 ∪ I2}) × Un0 ({mi | i ∈ I1 ∪ I2}). It follows that [D −→ L] is Lawson compact from
Lemma 3.2. 
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In this paper, we have shown that the function space [D −→ L] is a Lawson compact algebraic domain for a Lawson
compact algebraic domain D and a biﬁnite domain L. It is natural to consider if the function space [D −→ L] is Lawson
compact for a Lawson compact continuous domain (do not need to be algebraic) D and a biﬁnite domain L. We believe it
is true and leave it as a future work. Since a continuous B-domain is the retraction of a biﬁnite domain, the function space
from the Lawson compact algebraic domain D to the continuous B-domain L is Lawson compact. Jung [3] introduced the
FS-domain. A continuous B-domain is an FS-domain. Is the converse true? We leave this as an open problem. A well-known
interesting example are the disks of the plane ordered by reverse inclusions, which form an FS-domain, but it is not known
whether they form a continuous B-domain. So a possible future work is to consider the function space [D −→ L] from a
Lawson compact algebraic domain D to an FS-domain L.
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